Introduction
Network Design Problem refers to the optimization problem faced by a planner whose aim is to improve a network utilizing limited resources. This may lead to a set of tools that maximize social welfare. As mentioned in [3] , nodes in a network with nearly equal capacity may interact with each other in a better way. In the society, persons with nearly equal status tend to have close association. In business, employees and associates with nearly equal powers form association and work. Equitability among citizens in terms of services, health and education benefits, etc. is important in a democratic country. These practical concepts are modeled by equitability in graphs.
A graph G is an ordered pair (V (G), E(G)), where V (G) is a finite nonempty set called the vertex set of G and E(G) is the set of unordered pairs {u, v} (or simply uv) of distinct elements from V (G) called the edge set of G. The elements of V (G) are called vertices and the cardinality |V (G)| of V (G) is the order of G. The elements of E(G) are called edges and the cardinality |E(G)| of E(G) is the size of G. Two vertices u and v of a graph G are adjacent, or neighbors, if uv is an edge of G.
In a graph G, the open neighborhood of a vertex v ∈ V (G) is the set N (v) consisting of all vertices u which are adjacent to v; that is, N G (v) = {u ∈ V (G) : uv ∈ E(G)}. The elements of N (v) are called neighbors of v.
The degree of a vertex v in a graph G, denoted by deg(v), is equal to |N G (v)|. The maximum (respectively, minimum) degree of the vertices of G, denoted by ∆(G) (respectively, δ(G)), is called the maximum (respectively, minimum) degree of G. A vertex of degree one is called a pendant vertex.
Let G = (V (G), E(G)) be a connected graph. A subset S of V (G) is called an equitable dominating set if for every v ∈ V \S there exists a vertex u ∈ S such that uv ∈ E(G) (i.e., S is a dominating set) and |deg(u) − deg(v)| ≤ 1. The minimum cardinality among equitable dominating sets is called the equitable domination number and is denoted by γ e (G).
Consider the graph G in Figure 1 . Let S = {v 3 , v 6 }. Then
Hence,
Therefore,
This implies that S is a dominating set of G. Since none of the singletons is a dominating set, it follows that γ(G) = 2. Note that deg( The concept of domination and its variants are very useful in network problems. Domination in graphs has an important role in networks, including wireless ad hoc networks and wireless sensor networks.These networks are being used in a variety of military and civil applications such as in battlefields, disaster recoveries, conferences, concerts, environmental detections, health applications, food industry, and agriculture. All these may lead to maximized social welfare with minimized resources.
V. Swaminathan and K.M. Dharmalingam in [3] , characterized minimal equitable dominating sets and determined equitable domination number of some known graphs. In this paper, the study on equitable domination in graphs is continued. The present study may provide a better understanding on the topic of Equitable Graphs and Equitable Domination in Graphs.
We refer to [1] and [2] for some notations and theoretic terms used in this paper.
Equitable Domination in Some Graphs
Remark 2.1. For any connected graph G, 1 ≤ γ(G) ≤ γ e (G). Theorem 2.2. Let G be a graph. Then γ e (G) = 1 if and only if γ(G) = 1. Proof: Suppose γ(G) = 1 and let {v} be the minimum dominating set in G. Then D = {v} is a equitable dominating set; hence γ e (G) = 1.
For the converse, suppose γ e (G) = 1. Then by Remark 2.1, γ(G) = 1.
Then {v} is a dominating set in G. Hence, γ(G) = 1. By Theorem 2.2, γ e (G) = 1.
Corollary 2.4. Let G be a graph of order n ≥ 3 obtained from the complete graph K n by deleting an edge. Then γ e (G) = 1. Proof: Suppose that G is a graph obtained from the complete graph K n by deleting an edge, say e = {x, y}. Let v ∈ V (G)\{x, y}. Then {v} is a dominating set in G. Thus, γ(G) = 1. By Theorem 2.2, γ e (G) = 1.
Corollary 2.5. Let p and q be positive integers such that 2 ≤ p ≤ q. If G is a graph obtained from the complete graph K q by deleting K p , then γ e (G) = 1. Proof: Suppose that G is a graph obtained from the complete graph K q by deleting
Then {v} is a dominating set in G and γ(G) = 1. By Theorem 2.2, γ e = 1.
Theorem 2.6. Let G be the graph obtained from K n by deleting k independent edges, where n ≥ 3. Then
1 , if n is odd or n is even and k < β(K n ) .
Proof: Suppose n is even.
. This implies that {v} is not a dominating set of G for every v ∈ V (G). Pick a, b ∈ V (G) and set C = {a, b}. If z ∈ V (G)\C, then az ∈ E(G) or bz ∈ E(G). Hence, C is a dominating set of G. It is easy to see that |deg(u) − deg(v)| ≤ 1, for every v ∈ V (G)\C with u ∈ C and uv ∈ E(G). Thus, γ e (G) = 2.
Next, suppose n is odd. Then β(K n ) > k. Then there exists v ∈ V (G) such that vu ∈ E(G) for all u ∈ V (G)\{v}. Set C = {v}. Then C is a dominating set of G and |deg(u) − deg(v)| ≤ 1. Therefore, γ e (G) = 1.
Equitable Domination in the Join of Graphs
The join of two graphs G and H, denoted by G+H, is the graph with vertex-set (i) S ⊆ V (G) and S is an equitable dominating set in G.
(ii) S ⊆ V (H) and S is an equitable dominating set in H.
Proof. Suppose S is an equitable dominating set in G + H. Consider the following cases:
Since S is an equitable dominating set in G+H, there exists u ∈ S such that ux ∈ E(G+H) and |deg(u) − deg(x)| ≤ 1. Since S ∩ V (H) = ∅, it follows that u ∈ V (G) and ux ∈ E(G). Thus, S ⊆ V (G) and S is an equitable dominating set in G.
Case 2: S ∩ V (G) = ∅ . Then S ⊆ V (H). Let x ∈ V (H)\S. Since S is an equitable dominating set in G+H, there exists y ∈ S such that xy ∈ E(G+H) |deg(x)−deg(y)| ≤ 1. Now, y ∈ V (H) since S ∩V (G) = ∅. Hence, xy ∈ E(H). Thus, S is an equitable dominating set in H. 
Proof. Suppose γ(G) = 1. Let S = {v} be an equitable dominating set in G. Then S is a dominating set in G + H and |deg(v) − deg(x)| ≤ 1 for every x ∈ V (G + H), that is, S is an equitable dominating set in G + H . Thus, γ e (G + H) = 1. The same result holds if γ(H) = 1.
Next, suppose that γ(G) = 1 and γ(H) = 1. Pick a ∈ V (G) and b ∈ V (H) and let S = {a, b}. By Theorem 3.1 (iii), S is an equitable dominating set in G + H . Therefore, γ e (G + H) = 2. Corollary 3.3. Let G be a graph and n ≥ 1. Then γ e (K n + G) = 1 for all n ≥ 1. In particular, γ e (K n ) = 1 for all n ≥ 1.
Weakly Connected Domination in the Corona of Graphs
Let G and H be graphs of order m and n, respectively. The corona G • H of G and H is the graph obtained by taking one copy of G and m copies of H, and then joining the ith vertex of G to every vertex of the ith copy of H. The ith copy of H in the corona of G and H is denoted by H v . The join of the ith vertex v of G and the ith copy of H in the corona of G and H is denoted by v + H v . 
